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Extending quantum control of time-independent systems to time-dependent systems
Zhen-Yu Wang and Ren-Bao Liu∗
Department of Physics, The Chinese University of Hong Hong, Shatin, N. T., Hong Kong, China
We establish that if a scheme can control a time-independent system arbitrarily coupled to a generic finite
bath over a short period of time T with control precision O(T N+1), it can also realize the control with the same
order of precision on smoothly time-dependent systems. This result extends the validity of various universal
dynamical control schemes to arbitrary analytically time-dependent systems.
PACS numbers: 03.67.Pp, 03.65.Yz
I. INTRODUCTION
Quantum systems interact with their environments (or
baths). This results in errors in controlling evolution of a
quantum system, such as decoherence and unwanted dynam-
ics. Inspired by phase-refocusing techniques in magnetic res-
onance spectroscopy [1, 2], various schemes of quantum dy-
namical control [3–22] have been developed in the context
of quantum information processing to average out undesired
coupling through fast open-loop modulation on the system
evolution. These dynamical control schemes have advantages
of correcting errors without measurement, feedback, or redun-
dant encoding [6]. The simplest one is dynamical decoupling
(DD) [3–15], which aims at preservation of arbitrary states
(i.e., quantum memory or NULL quantum control) by achiev-
ing a trivial identity evolution. Recent experiments [23–28]
have demonstrated the performance of DD. More general aims
are to implement non-trivial quantum evolutions [16–22]. Ar-
bitrarily accurate dynamical control can be achieved using a
concatenated design [19].
A quantum dynamical control is called universal if it has
errors up to an order in short evolution time T for an arbi-
trary finite bath. Most universal schemes [6–14, 17–19] are
designed for time-independent systems and their applicability
to time-dependent systems is unclear, except an explicit ex-
tension [29] of Uhrig dynamical decoupling (UDD) [10, 30]
to analytically time-dependent systems.
In this paper, we prove a theorem that if a dynamical con-
trol has errors to the Nth order in short evolution time T
for a generic time-independent system, it will automatically
achieve the same order of precision for analytically time-
dependent systems. The theorem establishes the validity of
universal DD in Refs. [6–14], optimized pulses in Ref. [17],
and dynamical quantum error correction [18, 19] on non-
equilibrium baths. In addition, it greatly simplifies designing
new universal dynamical control schemes since we just need
to work with time-independent models.
We present the proof in Sec. II and draw the conclusion in
Sec. III.
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II. CONTROL OF TIME-DEPENDENT SYSTEMS
A. Universal control of time-independent systems
Let us first consider a target system coupled to a bath
through a time-independent Hamiltonian
HS B =
D−1∑
α=0
S α ⊗ Bα, (1)
where S α and Bα are operators of the system and bath, re-
spectively, and in particular, S 0 ≡ IS is the identity opera-
tor and B0 is the bath internal interaction. We assume that
S α and Bα are bounded in spectrum so that a perturbative
expansion of the system-bath propagator driven by HS B con-
verges for a short evolution time T . Otherwise, the coupling
is generic, that is, the details of Bα are unspecified. In Eq. (1),
S ≡ {S α|α = 0, . . . , D− 1} does not have to be the basis of the
full Lie algebra. For example, in the pure dephasing Hamil-
tonian of a qubit coupled to a bath, S = {I, σz}, which only
generates a sub-algebra of a qubit.
Control of the system is implemented by applying a Hamil-
tonian Vc,T (t) on the system. To realize a desired system evo-
lution Q (e.g., a quantum gate) over a given duration of time
T , Vc,T (t) scales with T so that (~ = 1)
Uc,T (t) ≡ T exp
[
−i
∫ t
0
Vc,T (τ)dτ
]
= T exp
[
−i
∫ t/T
0
Vc(θ)dθ
]
≡ Uc(t/T ), (2)
where T denotes the time-ordering operator, and Vc(θ) =
TVc,T (Tθ). We consider the case of perfect control, that is,
Uc,T (T ) = Uc(1) = Q is the desired control of the system. Un-
der influence of the environment, the system-bath propagator
reads
U(T ) = T exp
(
−i
∫ T
0
[
HS B + Vc,T (t)] dt
)
. (3)
The errors induced by HS B can be isolated in the interaction
picture by writing U(T ) = QUE(T ), where the error propaga-
tor
UE(T ) ≡T exp
[
−i
∫ T
0
U†
c,T (t)HS BUc,T (t)dt
]
=T exp
[
−iT
∫ 1
0
U†c (θ)HS BUc(θ)dθ
]
. (4)
2We suppose that the control Vc,T (t) has been designed to sup-
press the errors due to HS B up to the Nth order of the evolution
time T , which is assumed short, that is,
UE(T ) = UΩ
[
1 + O
(
T N+1
)]
, (5)
where UΩ is an operator commuting with a certain set of sys-
tem operatorsΩ. A control Vc,T (t) is universal if Eq. (5) holds
for arbitrary time-independent Bα. Ref. [19] shows that Vc,T (t)
can be designed to achieve Eq. (5) with arbitrary N and Q , IS
for a general time-independent model [Eq. (1)]. For the spe-
cial case of dynamical decoupling, Q = IS and all the opera-
tors in Ω are preserved; if Ω spans the full algebra of the sys-
tem, UΩ is a pure bath operator and any system states (hence
quantum correlations) will be protected [14].
B. Generalization to time-dependent systems
A time-dependent version of Eq. (1) reads
H′S B(t) =
D−1∑
α=0
S α ⊗ B′α(t), (6)
where the generic bath operators are assumed analytic in time:
B′α(t) =
∞∑
p=0
B′(α)p
1
p!
tp. (7)
We also assume that the bath operators B′(α)p are bounded in
spectrum. We are to prove the following theorem.
Theorem. If Vc,T (t) realizes Eq. (5) for an arbitrary time-
independent Hamiltonian in Eq. (1), it will realize the con-
trol with the same order of precision for an arbitrary time-
dependent Hamiltonian in Eq. (6), that is, the system-bath
propagator commutes with the system operator set Ω up to
an error O(T N+1),
U ′(T ) ≡ T exp
(
−i
∫ T
0
[
H′S B(t) + Vc,T (t)
] dt
)
≡ QU ′E(T ) = QU ′Ω
[
1 + O
(
T N+1
)]
, (8)
where U ′
Ω
commutes with the operator set Ω.
Proof. We write
UE(T ) = e−iB0T ˜UE(T ), (9)
and
˜UE(T ) = T exp
−iT
∫ 1
0
D−1∑
α=1
U†c (θ)Bα(θ)Uc(θ)dθ
 , (10)
Bα(θ) = eiB0TθBαe−iB0Tθ =
∞∑
k=0
[iB0, Bα]k
(Tθ)k
k! , (11)
with [iB0, Bα]k+1 ≡ [iB0, [iB0, Bα]k] and [iB0, Bα]0 ≡ Bα. The
perturbative expansion of ˜UE(T ) in short time T reads
˜UE(T ) =1 +
∞∑
n=1
D−1∑
~α=1
∞∑
~p=0
T n+|~p|S ~α,~pn ⊗ B~α,~pn , (12)
with short-hand notations ∑D−1
~α=1 ≡
∑D−1
α1=1 · · ·
∑D−1
αn=1,
∑∞
~p=0 ≡∑∞
p1=0 · · ·
∑∞
pn=0, and |~p| ≡
∑n
j=1 p j, where the bath and system
operators are,
B
~α,~p
n ≡
[iB0, Bα1]p1
p1!
· · ·
[iB0, Bαn]pn
pn!
, (13)
S ~α,~pn ≡
∫ 1
0
U†c (θ1)S α1 Uc(θ1)θp11
∫ θ1
0
U†c (θ2)S α2 Uc(θ2)θp22
× · · ·
∫ θn−1
0
U†c (θn)S αn Uc(θn)θpnn dθ1dθ2 · · ·dθn, (14)
respectively.
For the time-dependent Hamiltonian H′S B(t), the expansion
of ˜U ′E(T ) ≡
(
T e−i
∫ T
0 B
′
0(t)dt
)†
U ′E(T ) has a similar form
˜U ′E(T ) = 1 +
∞∑
n=1
D−1∑
~α=1
∞∑
~p=0
T n+|~p|S ~α,~pn ⊗ B′~α,~pn , (15)
where B′~α,~pn ≡ (B′(α1)p1,0 /p1!) · · · (B
′(αn)
pn,0 /pn!) with B
′(α)
p,0 de-
fined by the expansion of B′α(t) in the interaction picture,(
T e−i
∫ t
0 B
′
0(s)ds
)†
B′α(t)
(
T e−i
∫ t
0 B
′
0(s)ds
)
≡
∑∞
p=0 B
′(α)
p,0 t
p/p!.
By assumption, Vc,T (t) realizes Eq. (5) for a generic time-
independent HS B. In Appendix, we give an explicit construc-
tion of {Bα}, for which the set of bath operators {B~α,~pn |n+ |~p| ≤
N} is linear independent. Eqs. (5) and (9) indicate that ˜UE(T )
commutes with Ω up to the Nth order in T . If the bath opera-
tors {B~α,~pn |n+ |~p| ≤ N} in Eq. (12) are linear independent (non-
zero, of course), S ~α,~pn must commute with the system operator
set Ω for n + |~p| ≤ N. Since Eq. (15) is also an expansion
of S ~α,~pn , ˜U ′E(T ) and hence U ′E(T ) commute with the system
operator set Ω up to an error O(T N+1). 
The theorem extends the validity of universal dynamical
control to analytically time-dependent systems. Note that in
Eq. (1), S = {S α|α = 0, . . . , D − 1} does not have to span the
full algebra of the system but should contain the identity op-
erator IS . Therefore the theorem does not rely on the specific
algebra generated by S and is general for any system-bath in-
teractions provided that the total generic Hamiltonian includes
a free bath term IS ⊗ B0. It should be stressed that because the
details of the bath operators B′α(t) are unspecified, the dynam-
ical control is still valid if we do the following variation:
H′S B(t) → HS (t) ⊗ IB +
D−1∑
α=0
S α ⊗ B′α(t), (16)
where HS (t) is a bounded system operator in the space
spanned by S and analytic in time and IB is the identity op-
erator of the bath. Actually, the first term in the right-hand
3side of Eq. (16) can be readily absorbed into the system-bath
coupling. The drift errors introduced by the system’s internal
Hamiltonian HS (t) are also eliminated.
The operator H′S B(t) is required to be bounded for any t ∈
[0, T ]. However, to implement a system evolution Uc,T (T ) =
Uc(1) = Q , IS , the control Vc,T (t) must scale as ∼ 1/T ; this
scaling induces a faster evolution on the system as T → 0 in
the limit of instantaneous pulses and this is the requirement of
any dynamical control schemes to suppress errors: the evolu-
tion of the system driven by the control field Vc,T (t) needs to
be faster than the bath evolution induced by HS B or H′S B(t).
III. CONCLUSIONS
We have proved that a universal dynamical control which
implements a quantum evolution of a system up to an er-
ror O(T N+1) in total evolution time T for a generic time-
independent system-bath Hamiltonian automatically sup-
presses errors to O(T N+1) for any analytically time-dependent
Hamiltonians. The extension of various universal dynamical
control schemes [6–14, 17–19] to arbitrary analytically time-
dependent systems is therefore established. This result also
simplifies the design of other universal control schemes. The
current research raises an interesting question for future study:
Are there minimal models for which a control scheme works
with a certain degree of precision will work with the same
order of precision for arbitrary systems, time-independent or
not?
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Appendix
Here we give an explicit construction of {Bα}, so that the
set of bath operators {B~α,~pn |n + |~p| ≤ N} in Eq. (12) are linear
independent. For that purpose we prove the following lemma.
Lemma. For a finite number R, there exists a construction
of K′ Hermitian operators {Ok}K′k=1, such that all the operator
products Ok1 Ok2 · · ·Okr j for different sequences (k1k2 · · · kr j )
with 1 ≤ kl ≤ K′ and 1 ≤ r j ≤ R are linear independent.
Proof. Let K = K′ + 1 and {|l〉|l = 0, . . . , (KR + 1)K} be an
orthonormal basis. We construct the following Hermitian op-
erators in the Hilbert space expanded by this basis
Ok =
KR∑
l=0
|l〉〈Kl + k| + h.c.. (A.1)
Examination of the projection |0〉〈0|Ok1Ok2 · · ·Okr j shows that
the operator Ok1Ok2 · · ·Okr j contains one and only one compo-
nent of the form |0〉〈l|, explicitly, |0〉〈(k1k2 · · · kr j)K |, where
(k1k2 · · · kr j )K ≡ Kr j−1k1 + · · · + Kkr j−1 + kr j , (A.2)
is a number of base K with 1 ≤ kl ≤ K − 1. Therefore all
the operator products Ok1 Ok2 · · ·Okr j for different sequences
(k1k2 · · · kr j ) with 1 ≤ kl ≤ K′ and 1 ≤ r j ≤ R are linear
independent. 
An explicit construction of {Bα} reads
Bα =
N−1∑
r=0
|r〉〈r| ⊗ h(α)r , for α ≥ 1, (A.3a)
B0 =
N−1∑
r=0
|r〉〈r + 1| ⊗ Ih + h.c., (A.3b)
where {|r〉|r = 0, . . . , N − 1} is an N-dimensional orthonor-
mal basis with the periodic condition |r + N〉 = |r〉, h(α)r is
an Hermitian operator, and Ih is the identity operator. Using
the Lemma, we have a construction of the operators {h(α)r |0 ≤
r ≤ N − 1, 1 ≤ α ≤ D − 1} such that all operator products
h(α1)r1 · · · h
(αn)
rn are linear independent for different sequences of
(α1, . . . , αn) and (r1, . . . , rn). We decompose B0 = B+ + B−
with B+ ≡
∑N−1
r=0 |r〉〈r + 1| ⊗ Ih and B− = (B+)†. Some calcula-
tion gives
[iB+, Bα]p
p!
=
N−1∑
r=0
|r〉〈r + p| ⊗

p∑
k=0
c(k)p h
(α)
r+p−k
 , (A.4)
where p ≥ 0 and c(k)p = (−1)kip/[k!(p − k)!] is a non-zero
coefficient. Therefore
〈
0
∣∣∣∣B~α,~pn
∣∣∣∣ |~p|
〉
=
〈
0
∣∣∣∣∣ [iB+, Bα1]p1p1! · · ·
[iB+, Bαn]pn
pn!
∣∣∣∣∣ |~p|
〉
=

p1∑
k=0
c(k)p1 h
(α1)
p1−k


p2∑
k=0
c(k)p2 h
(α2)
p1+p2−k
 · · ·

pn∑
k=0
c(k)pn h
(αn)
p1+···+pn−k
 .
(A.5)
There is one and only one operator product
h(α1)p1 h
(α2)
p1+p2 · · ·h
(αn)
p1+···+pn in
〈
0
∣∣∣∣B~α,~pn
∣∣∣∣ |~p|
〉
. If n + |~p| ≤ N,
the operators h(α1)p1 h
(α2)
p1+p2 · · · h
(αn)
p1+···+pn are linear independent
for different {n, ~α, ~p} according to the Lemma. Thus for
n + |~p| ≤ N, n ≥ 1, and |~p| ≥ 0,
〈
0
∣∣∣∣B~α,~pn
∣∣∣∣ |~p|
〉
and hence B~α,~pn
are linear independent for different {n, ~α, ~p}.
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